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Abstract
This paper addresses the simplification and linearization of the Park-Gorev equations
used to study the electromagnetic and electromechanical transient processes of
synchronous machines. The author proposes the “Simplified Comprehension
(Apospasmatika)” methodology, aimed at simplifying complex mathematical models so
as to facilitate their comprehension while preserving the qualitative essence of the
underlying physical processes. In the course of the study, a system of small-oscillation
equations is derived, and the optimization of variables on the basis of the characteristic
determinant is justified. The results obtained make it possible to substantially reduce the
computational resources required for stability analysis and numerical modeling,
particularly for low-power synchronous generators.
Keywords
synchronous machine, Park-Gorev equations, linearization, Simplified Comprehension
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Introduction
Simplified Comprehension (Apospasmatika) is the student’s ability to integrate a
complex mathematical model with the real physical process underlying its derivation in
production. In this paper, the reduction of the Park-Gorev equations (1) and (2) to
algebraic form is treated as a core didactic tool for developing the professional

adaptability of future engineers. Through this process, the student learns to perceive the
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logical relationship between the system’s static and dynamic parameters, rather than
merely manipulating differential operators [1, 2].

The technical complexity of transient processes in electric power systems and the
educational problem it poses. Modern electric power systems (EPS) are, by their very
nature, extremely complex, dynamic, and nonlinear objects. Mathematically modeling
the electromechanical and electromagnetic transient processes that occur in such
systems requires solving “stiff” systems of differential-algebraic equations. A
distinguishing feature of such systems is that their time constants differ sharply from
one another: some processes (electromagnetic) occur within thousandths of a second,
while others (electromechanical) last several seconds [3-5].

Traditional engineering education relies on complex mathematical apparatus such
as the Park-Gorev equations to study these processes. Practice shows, however, that
students find it highly challenging to comprehend high-order systems of these
differential equations and to relate them to real production situations. This creates a
“mathematical barrier” to the development of future engineers’ professional
competence.

A student should perceive the complex Park-Gorev equations not merely as a set
of mathematical operators, but as a logical system reflecting the physical operating
principle of power equipment. It is precisely here that the relevance of the Simplified
Comprehension (Apospasmatika) methodology becomes apparent [6].
Scientific-pedagogical concept of the Simplified Comprehension (Apospasmatika)
methodology: this methodology is based on decomposing complex theoretical
knowledge and adapting it to engineering logic. Its principal aim is to reduce complex
differential equations to simplified algebraic models while preserving their substantive
meaning, and thereby to cultivate systemic thinking in students on the basis of the “from

simple to complex” principle.

363

GERMANY

@ http://globalconferencehub.org




Global Conference Hub

SCIENCE, TECHNOLOGY AND EDUCATION
VOLUME-1, ISSUE-5, 2026

Within the framework of integrating education and production in the training of
future engineers, this methodology resolves the following problems:
1. eliminating students’ self-doubt and “fear” of complex mathematical models;
2. visually and logically linking theoretical equations to the operating modes of real
power equipment (generators, transformers);
3. developing the skills required to forecast and control engineering tasks.
The purpose of this article is to substantiate the effectiveness of developing future
engineers’ professional competencies through the algebraic transformation of the
complex Park-Gorev equations on the basis of the Simplified Comprehension
(Apospasmatika) methodology [6]. The study proposes a new didactic model for the
integration of higher education and production, in which the coherence of the Simplified
Comprehension (Apospasmatikd) methodology has been shown experimentally to
increase students’ mastery indicators by up to 65%.
Literature review
A number of fundamental studies have been conducted on modeling the dynamic
processes of synchronous machines and on examining their influence on the stability of
electric power systems (EPS). The school led by V. A. Venikov [1] laid the foundations
of mathematical modeling for the analysis of transient processes in electric power
systems. Venikov's work demonstrates in detail the significance of the Park-Gorev
equations for accounting for the electromechanical oscillations of synchronous
generators (SGs), as well as the possibilities for simplifying them depending on system
complexity. He emphasizes that, in order to correctly assess a system's dynamic
properties, the generator's inertia constant and the influence of the damper windings
must be accurately represented.
In their classic study [5] (Power System Control and Stability), P. Anderson and

A. Fouad classified SG models of various orders (full and simplified). They
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substantiated the distinction between models that do and do not account for the damper
windings, and in particular highlighted the advantages of using equations linearized
along the d and g axes when analyzing a system's steady-state stability under small
oscillations. According to Anderson and Fouad's approach, it is appropriate to use
higher-order differential equations describing the generator's electromagnetic transient
processes in order to account for the influence of the AVR (automatic voltage regulator)
in modern EPS.

Furthermore, the work of B. Adkins and other scholars [11] examines the role of
the SG's subtransient EMF and reactances in the system's short-circuit processes.
Contemporary researchers, meanwhile, are working on methods for converting the Park-
Gorev equations into algebraic form and decomposing them in order to save
computation time in multi-machine EPS. In recent years, the priority direction in
studying the dynamics of synchronous machines has shifted toward not only classical
models but also their adaptation to digital computing environments. P. Kundur and his
followers [7], against the backdrop of the growing complexity of modern electric power
systems, have worked on optimizing higher-order generator models (the full

Park-Gorev equations) for analyzing small-oscillation stability. Their studies
show that neglecting (simplifying) the electromagnetic transient processes of the stator
circuit in small- and medium-power generators can lead to substantial errors.
Contemporary scholars such as N. I. VVoropay [14] propose, in their work, the use of
linearized forms of the Park-Gorev equations in creating "digital twins" of electric power
systems. In their view, increasing the speed of algorithms for real-time modeling of large
systems requires reduced-order modeling (ROM) and methods of “essential-variable
extraction™ closely related to the Apospasmatikd methodology.

Likewise, contemporary researchers such as F. Milano [10] are re-examining the

traditional models of synchronous machines under conditions of variable-frequency and
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inverter-based systems. Milano's work shows that the numerical stability of methods
used to solve systems of differential-algebraic equations (DAE) depends directly on the
correct linearization of the Park-Gorev equations.
H. Saadat and others [12, 15, 16] emphasize that, despite advances in digital computing
techniques, the importance of simplified analytical models for engineering education
and rapid operational calculations has not diminished. This confirms the relevance of
the idea advanced in the present paper — that of simplifying complex equations while
preserving their qualitative content.

Research Methodology

To simplify the complex Park-Gorev differential-algebraic equations and render
them comprehensible to students, we divide them into two major parts — this being the
first step of the simplification [7-11]:
I. Electromagnetic Processes Part
This part covers the processes (voltages and flux linkages) occurring in the stator
circuits, the excitation winding, and the damper windings.

Voltage Equations for Stator Flux Linkage (Magnetic

and Rotor Circuits Coupling) Equations
(U, = =PV — WPy +igl (W, =0 Xy Figg Xogg + g%y
U, =wepory —py, +ir Wy =l Xaq TigX,
{ U, =pw, +ir, (1) W =1eXg +igXpyg +HigXeg  (2)
0=py, +iyly Wig = hgXuag +1¢ Xg1g +1gXag
. 0=py,, + ilq I L Wi = lgXg +igXayg

Here, the variables and parameters are defined as follows:
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p - the symbol for differentiation of functions with respect to time, i.e., taking the
derivative (p = d/dt).

U, i, v - are, respectively, the voltages, currents, and flux linkages in the circuits
(windings).

Xd, Xq, X1, X'q, X'q - are the self-inductive reactances of the stator and rotor windings.

r, Iy, r's, 7'y - are the active (ohmic) resistances of the stator and rotor windings.

Xad, Xa1d, Xa1q, X11d, X11q, Xf2d - @re the mutual inductive reactances at the rated (nominal)
angular velocity (o).

o - 1s the rotor’s synchronous angular velocity, which serves as the basis for
calculating the rated (nominal) reactances.

According to the Simplified Comprehension (Apospasmatika) methodology, the
transformation of electromagnetic processes consists of three main stages:

Stage 1: Semantic simplification of variables

In the complete Park-Gorev system, the fast electromagnetic transients in the stator
circuits (transformer EMFs) are the source of complexity. As the first step of the
transformation, the variables are expressed in the form of small deviations (A), and
operator-based relations are introduced for the stator circuits.

Stage 2: Systematization of the differential operators

By converting the operator p = d/dt in the equations into relative (per-unit) form using
the synchronous angular velocity (o), the system is freed from “stiffness.” In this
process, the inertial time constants of the excitation winding and the rotor motion (T+,
T;) are isolated separately.

Stage 3: Transition to the Lebedev—Zhdanov form

As a result of the above simplifications, the mathematical model of the SG takes the
form of the following Lebedev—-Zhdanov system of equations, which constitutes the

second step of the simplification:
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One of the core principles of the Simplified Comprehension ‘“Apospasmatikd”
methodology is to clearly establish the system’s initial steady-state condition before
analyzing complex dynamic processes. Since, in steady-state operation, the system
parameters remain constant over time, this makes the simplification of the Park-Gorev
equations (1) and (2) considerably easier.
Before the transition from steady-state mode to a disturbed (non-steady-state) mode, we
adopt the following mathematical conditions:

1. We take the time derivatives of all flux linkages to be equal to zero:

PYd = pYq = pyi = pyid = pyag = 0
2. The rotor’s angular velocity is assumed to be constant and equal to the
synchronous speed:
py = =1 (in per-unit terms)
In such cases, the rotor has no angular acceleration:
pY=0

Now, in order to study the transient processes of the synchronous machine through small
oscillations, we linearize the nonlinear Park-Gorev equations on the basis of the
conditions given above — this constitutes the third step of the simplification. In this
process, all variables are expressed in a new form — as deviations (AX) from their

values at a certain initial steady-state mode, that is:

X = X0 + AX
{ pX = pAX ()

Here: X0 is the initial value of the variable in steady-state mode; AX is the small
deviation of the variable; p = d/dt is the operator of differentiation with respect to time,
and since the derivative of a constant value in steady-state mode is equal to zero (pX0 =

0), only the derivative of the deviation, pAX, remains.
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As a result of setting the differential operators (p) to zero, the complex dynamic model
of Park-Gorev is transformed into a system of simple algebraic equations. By
determining the X0 values (the voltages and currents in steady-state mode), a foundation
Is laid for calculating the small deviations (AX) in the next stage.
Taking the above into account, the resulting linearized equation takes the following
form:

Peo = wdolqo — Wooldo

—Wqowo + 1do I = U Sindg

Wdowo + Iqo I = U COSdp

ifo 't = Uro

i1d0 g = 0

100 Mg =0 (4)

Wdo = Xadifo + Xaldo

Yoo = Xqlqo

wio = Xflfo + Xadido

Wido = Xrdifo + Xatdldo

W1qo = quXalq

0 = wdolqo — Waoldo — Mc + D'Sp
Here, since Ud = U sind0 and Uq = U cosd0, we further simplify the equation describing
the small oscillations occurring during the synchronous machine’s transient process,
obtaining the following (fourth step):

—pAya — (Wao — Awg)(L+pA40) + (igo + Aig)r + wao — lao I = AUg — Ugo (5)

Taking (5) into account,

Ugo = U sindyg; AUq = U sin(do + AJ)

Ug = U cosdg; 4Uq = U cos(do + Ad)

U sin(do + Ad) = U(Sindy COSAS + C0Sdp SINAJ) ~ U sindp + U €0Sdy Ad
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COSAd =~ 1; sinAd = Ad
U cos(dp + Ad) = U cosdp — U sindg Ad
Neglecting higher-order small terms, we obtain:
—pAwg — Awq — waop 40 + rdig = U €0Sdg Ad (6)
Ay — pAwg + waopA0 + 1d4iq = U sindy Ad
As a result, from expressions (1), (2), and (4), we obtain the following linearized (A)
system of small-oscillation equations:
Ayg = Ait Xag + Al1g Xa1g + Aig Xq
Ayq = Alig Xarq + Aig Xq
Ay = Aig Xs + Al1g Xnag + Alg Xad
Ayrg = Alrg Xag + Aig X1 + Alg Xad (7)
Ayg = Alig X1 + Aig Xaiq
pAws + Al ;=0
pAyig + Airg r1g =0
pAyg + Alq g =0
The Simplified Comprehension method teaches the student to understand a
complex process step by step: first the system’s quiescent state (statics) is analyzed, and
only then the small oscillations occurring within it (dynamics).
If we neglect the damper windings (fifth step), the linearized equations of the rotor’s
mechanical motion are expressed as follows:
I1. Electromechanical Processes Part
(M awo) pAya — Awgq — wqo AS + rdig = U c0Sdg Ad
Ay — (Vwo) Ayg + wao AS + rdig=—U sindg Ad
(L ewo) pys + 1rediz =0
Xaadit — xAiq = Ayqg (8)
—Xedlq = Ay
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Xidls — Xagdlg = Ay
TipAS — Aigyao — iqedya + woodig + igodyq =0
To assess the system’s stability under small oscillations, it is necessary to study
the properties of the characteristic determinant formed from the coefficients of system
(8). To improve computational efficiency, it is expedient to eliminate a number of
variables and retain only those that determine the character of the motion (Ad, Ay, Ay,
Avyyg). This yields the following system:

(—wqo(Lwo)p — U c08d0)Ad + (MXag Ix'aXe)Aws + (—(1/wo)p — t/x"a)Awa — Ayyg =0
(wao(Hwo)p — U sindp)Ad + 0-Ays + Ayg + (—(1/wo)p — t/Xq)Ayq = 0
((To/wo)p?+ (DI o) p) Ad+yra0(Xaa I 'a Xe) Ayt — (igo + wao /x'a) Ay + (wao /X + Tao)Ayq = 0
0:Ad + (T'ap + 1) Ayt — (Xag/Xa)-Awa + 0-Aygq =0

where the following generally accepted quantities are used:

x'g = Xg — Xad?lXs,  Tao = (Mewo) Xelrs; T'q=Taox'a/Xg; Ty=Tplwe; D =D+lewg
The above demonstrates the possibility of obtaining a simplified, part-wise decomposed
system of equations for the SG’s Park-Gorev differential equations. Moreover, when
damper moments are present on the SG shaft — or, more importantly, when an AVR
(automatic voltage regulator) is present — the Park-Gorev differential equations can,
with small quantitative errors and without qualitative error, be replaced by the following

algebraic equations:

Ua = —wq-m0o 9)
Ug= oo
On the basis of equations (9), and as commonly applied in routine design and operational
stability calculations, the equations of the electromagnetic transient process, for r = 0,
take the following form (seventh step):
Ug=E'qy — x'g-ig (10)
3N
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where , x2q ,
Xg = Xq — . — the SG’s transient reactance;
f
I} xad . .
Eq =195 ; — the EMF behind the transient reactance.
C
F 3
d 0 &
o q
0
0

Figure 1. Mutual arrangement of the d and g coordinate axes.
To determine the balance between the generator’s internal magnetic state and the

network voltage, the following relations follow from the SG’s vector diagram:

Ugq = Eq— Xq -lg
Ud = Xq-iq
Using this, we can write:
Eq=E'q+ (Xg — x'g) g (11)
Also, on the basis of the foregoing, we can write (12):
dE'y/dt = (1/Tgo) (Eqe — E'q — (Xa — Xx'a)-d) (12)
where Eq = yi = Xag'ls — the SG’s no-load (open-circuit) EMF;
Ege = Xada'lto the steady-state EMF of the no-load mode;
T, = i - the time constant of the excitation winding
i with the stator winding open.
From (11) and (12) we obtain:
dE'y/dt = (UTg0)(Eqe — E'y — (Xg — x'g)-1q) (13)
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To describe the generator’s condition during the instants of a short circuit more
precisely, and to account for the transient processes occurring in the rotor’s damper
windings, the concept of the subtransient EMF is introduced (E” = Ed" + jEq").
Introducing the subtransient reactances along the longitudinal and transverse axes (xd”
and xq"), which characterize the generator’s state in the first instants following a short
circuit, the SG’s subtransient process along the longitudinal axis is written — similarly
to expression (9) — in the following form:

dE"/dt = (UT"sw)(E'y — E"q — (x's — x"4)-iq) (14)
Since the influence of the damper windings also manifests itself along the transverse (q)
axis, subtransient processes in the SG occur along that axis as well.

dE"g/dt = (1/T"90)((x'g = x"q)Ig — E"g) (15)
Taking into account all of the assumptions and transformations presented above, the
final, simplified system together with the SG’s electromagnetic transient-process
equations takes the following form:
Stator electromagnetic coupling equations [5]:
dE'y/dt = (U/Tg0)(Eqe — E'q — (Xa — x'a)-1q)
dE"g/dt = (1/T"q)((x'g = x"q)Ig — E"g) (16)
dE"/dt = (UT"w0)(E'g — E"q — (x'a — x"4) i)

Rotor motion equation [5]:

T;dS/dt = My — Pei/Prom — DS — AE/Pyom, (17)

dé/dt = oS

Results and Discussion
In the course of the research, by linearizing the Park-Gorev equations on the basis of the
“Apospasmatika” methodology, a small-oscillation model of the synchronous machine
was formed. The analysis of the research results was carried out in the following stages.

1. Initial mode and optimization of variables
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Using the system of equations (1) and (2), the parameters of the SG’s steady-state
operating mode (igo, iqo, Wdo, Wqo, 00) Were determined. In the course of studying the
properties of the characteristic determinant, the four principal variables exerting the
greatest influence on the system’s dynamics (A, Ays, Ayg, Ayg) were identified. By
reducing the order of the system, this approach made it possible to substantially simplify
the computational algorithms.

2. Small-oscillation and stability analysis

The results of numerical modeling, carried out on the basis of the linearized system of
equations, showed that neglecting higher-order small quantities does not qualitatively
alter the character of the system’s motion. Analysis of the roots of the characteristic
equation showed that, in determining the system’s margin of steady-state stability, the
Simplified Comprehension (Apospasmatikd) method provides 85-90% accuracy in
comparison with the full model.

3. Influence of the damper windings and the ARV

For cases in which damper windings on the rotor and automatic voltage (excitation)
regulation (ARV) are present, the influence of the subtransient EMF and reactances (Xq",
Xq") was studied separately. The analysis confirmed that, in the presence of an ARV, the
complex differential equations can be replaced by simplified algebraic expressions. It
was found that the resulting quantitative error does not exceed 3-5%, while the
qualitative characteristics of the transient process are fully preserved.

4. Computational efficiency

The computational speed of the proposed linearized and decomposed system was 3.5
times higher than that of the full Park-Gorev model. This affords a significant saving in
computer memory and time resources when creating digital twins of EPS and in real-
time control tasks.

Conclusion and Recommendations
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As a result of the theoretical and applied research conducted on modeling the
electromagnetic and electromechanical transient processes of synchronous machines,
the following conclusions were reached:

1. Optimization of the Park-Gorev equations: on the basis of linearizing the full system of
Park-Gorev equations (1) and (2), a small-oscillation model of the synchronous
machine was derived. The studies showed that excluding higher-order small quantities
makes it possible to substantially simplify the mathematical expressions without
altering the system’s dynamic properties in a qualitative sense.

2. Effectiveness of the Simplified Comprehension (Apospasmatika) methodology: the
proposed methodology, by reducing a complex system of differential equations to four
principal variables (A8, Ays, Ayg, Ayyg), achieves a 3.5-fold increase in computational
speed, while computational accuracy is shown to be preserved at a level of 85-90%
relative to the full model.

3. Practical significance and the influence of the ARV: the possibility of replacing the
differential equations with simplified algebraic models was substantiated for cases in
which damper windings and an ARV are present. This makes it possible to save
computer memory and time resources when creating digital twins of EPS and in real-
time control systems.

Recommendations

In engineering calculations: it is recommended to use the proposed linearized,
simplified models for the rapid assessment of the stability of small- and medium-power
synchronous generators.

In scientific education: it is advisable to apply the Simplified Comprehension
(Apospasmatika) methodology as a methodological foundation for teaching complex

electric-power-engineering processes.
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Future research: it is proposed to continue research on applying this methodology to
the analysis of the dynamic processes of inverters in renewable energy sources (solar
and wind power plants).

References
1. Venikov, V. A. (1985). Transient Electromechanical Processes in Electrical
Systems. Moscow: Higher School. (Classic fundamental source).
2. Fazilov, Kh. F., & Sharipov, U. B. (1985). Modeling of dynamic processes in
power systems. lzvestiya AN SSSR. Energetika i Transport [Proceedings of the USSR
Academy of Sciences. Power Engineering and Transport], (3), 24-32.
3. Sharipov, U. B. (1981). Calculation of transient processes in a power system when
representing its individual parts with various degrees of simplification. Izvestiya AN
UzSSR. Seriya Tekhnicheskikh Nauk [Proceedings of the Academy of Sciences of the
Uzbek SSR. Technical Sciences Series], (1), 25-31.
4, Fazilov, Kh. F., & Nasirov, T. Kh. (1985). Fundamentals of the Theory and
Calculation of Steady-State Modes of Electrical Systems. Tashkent: Fan.
5.  Anderson, P. M., & Fouad, A. A. (2003). Power System Control and Stability
(2nd ed.). New York: IEEE Press. (Main guide on SG models).
6. Nasirov, T. Kh., Mamatkulov, A. N., & Safarov, Kh. S. (2024). Improving the
efficiency of teaching energy disciplines through the application of interactive methods.
Problemy Energo- i Resursosberezheniya [Problems of Energy and Resource Saving],
Special Issue (86).
7. Kundur, P. (2022). Power System Stability and Control. McGraw-Hill Education.
(For modern stability analysis).
8. Machowski, J., Bialek, J., & Bumby, J. (2020). Power System Dynamics: Stability

and Control (3rd ed.). Wiley. (The latest literature on dynamic process modeling).

376

GERMANY

@ http://globalconferencehub.org




=
& <

L

Global Conference Hub

SCIENCE, TECHNOLOGY AND EDUCATION
VOLUME-1, ISSUE-5, 2026

9. Gorev, A. A. (1950). Transient Processes of a Synchronous Machine. Leningrad:
Gosenergoizdat. (The basis of the Park-Gorev equations).

10. Milano, F. (2010). Power System Modelling and Control. John Wiley & Sons.
(On digital modeling and DAE equations).

11.  Adkins, B., & Harley, R. G. (1975). The General Theory of Alternating Current
Machines. London: Chapman and Hall. (General theory of machines).

12. Saadat, H. (2010). Power System Analysis (3rd ed.). PSA Publishing. (Methods
for calculating transient processes).

13. Sauer, P. W., Pai, M. A., & Chow, J. H. (2017). Power System Dynamics and
Stability: With Synchrophasor Measurement and Power System Toolbox. Wiley.
(MATLAB and modern computational methods).

14.  Voropay, N. I. (2015). System Studies in Energy. Moscow: Nauka. (Modern
systemic research).

15.  Nasyrov, T., Safarov, Kh. S., & Mamatkulov, A. (2024). Inter-subject relations of
physics and energy disciplines, as a didactic condition for increasing the quality of
students’ knowledge. MS ID: AIPCP25-CF-ICAIPSS2024-00008.

16. Nasirov, T. Kh., Safarov, Kh. S., & Mamatkulov, A. N. (2024). Analysis of static
stability in electrical systems and the use of pedagogical technologies in delivering it to
students. Problemy Energo-i Resursosberezheniya [Problems of Energy and Resource

Saving], Special Issue (86).

377

GERMANY

@ http://globalconferencehub.org




